Several ways of interleaving, as studied in theoretical computer science, and some subjects from mathematics can be modeled by length-preserving operations on strings, that only permute the symbol positions in strings. Each such operation X gives rise to a family {X n } n≥2 of similar permutations. We call an integer n X -prime if X n consists of a single cycle of length n (n ≥ 2). For some instances of X -such as shuffle, twist, operations based on the Archimedes' spiral and on the Josephus problem -we investigate the distribution of X -primes and of the associated (ordinary) prime numbers, which leads to variations of some well-known conjectures on the density of certain sets of prime numbers.
Introduction
Interleaving is a central notion in theoretical computer science: it plays an important part when we model phenomena like concurrency and synchronization. Shuffling a deck of cards is a very simple form of interleaving, but the shuffle operation and its variants are used extensively in modeling concurrency [11] . On the other hand, interleaving aspects are also present in the Josephus problem (''eeny, meeny, miny, moe'') [25, 7] which may be considered as a rather complicated form of interleaving. In between these extreme ways of interleaving are the twist operation and its generalizations (as introduced in Section 7). Both the shuffle and the twist operation are also investigated in automata theory; see, e.g., [12] [13] [14] . It turns out, as shown in [2] , that these quite different forms of interleaving can be related by means of several types of Archimedes' spirals.
In this context the following observation is crucial. In essence, we deal with length-preserving operations on strings of symbols that only permute the symbol positions in the string. With each such operation X we can associate an infinite sequence {X n } n≥2 of similar permutations with X n ∈ S n where S n is the symmetric group on n elements. Each permutation X n generates a cyclic subgroup ⟨X n ⟩ of S n . Some permutations X n in this sequence are of special interest; viz.
characterization results for X -primes from [2] that play an important part in Sections 5 and 6. Then in Section 4 we count X -primes -just as one counts ordinary prime numbers -where X equals S, S, T , A 0 , A 1 , A 
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It happens to be useful to subdivide P(A 1 ) as follows. A number n in N 2 is A + 1 -prime if it is an A 1 -prime and n ≡ 1 (mod 4).
And n in N 2 is an A − 1 -prime if it is an A 1 -prime and n ≡ 3 (mod 4). Then we have P(A 1 ) = P(A The permuting operation J 2 stems from the Josephus problem [25] ; it may be viewed as the simplest instance of ''eeny, meeny, miny, moe''. There are various ways to describe this operation from which we choose the method given in Section 3.3 of [7] .
We walk in a cyclic way through the standard word α n and we assign numbers to symbol indices (symbol positions in α n ). In the first sweep through α n we assign the numbers 1, 2, . . . , n to the symbol positions 1, 2, . . . , n, respectively; positions that got an even number are ''marked''. In the next sweep through α n the ''unmarked'' symbol positions are number consecutively; a 1 gets n + 1, a 2 is marked, a 3 gets n + 2, a 4 is marked, a 5 gets n + 3, etc. We continue this process until we reach the number 2n, i.e., until all symbols are marked. Reading the marked symbols in order of increasing even assigned numbers yields J 2 (α n ).
For the family of permutations {J 2,n } n≥2 we obtained in [2] , for 1 ≤ m ≤ n,
where x is the odd part of x, i.e., the unique odd number such that x/ x is a power of 2. For instance, we have 16 = 1, 24 = 3 and 360 = 45.
In [2] we introduced a permuting operation J 2 based on a modified Josephus problem. Viz. in numbering the symbol positions in the standard word α n -still from left to right -we distinguish between even and odd (numbered) sweeps through α n :
• In odd sweeps we number downwards starting with 2n in the first sweep.
• In even sweeps we number upwards starting with 1 in the second sweep.
• The numbering ends when all numbers from 1 to 2n are assigned to symbol positions. As in the case of J 2 the even numbers in the numbering/marking process determine the value of J 2,n (m): the jth symbol to be marked receives number 2j in the marking process.
For the family of permutations {J 2,n } n≥2 we inferred in [2] that, for 1 ≤ m ≤ n, with t = 6, respectively. Clearly, for each odd x with 1 ≤ x < q, we have x − q = x as t = 0 applies. Table 1 contains for each X , the first elements of P(X ); more elements can be found in the respective entries in the On-line Encyclopedia of Integer Sequences (OEIS) [26] .
Note that T -primes are often referred to as Queneau numbers [3] [4] [5] 24] which are defined as T −1 -primes; but it is easy to see that P(T Table 2 Counting X -and x-primes; X ∈ {S, S, T , A 0 , Since there are no A 0 -primes with n ≡ 0 (mod 4) [2] , we may replace ''n is even'' in Theorem 3.1(1) by ''n ≡ 2 (mod 4)''.
We consider these brands of Archimedes primes as building blocks to formulate characterizations for other X -primes.
For a permuting operation X , we define H(X ) by H(X ) = {n/2 | n ∈ P(X ) − {2}}. (
Earlier we called S and J 2 the dual operations of S and J 2 , respectively. For the formal definition of duality we refer to Section 6 of [2] , but Theorems 3.1 and 3.2 may give a hint. To complete the picture we mention that A − 1 is the dual of A + 1 (and vice versa) and that the operations T , A 0 and A 1 are self-dual, i.e., they themselves may serve as their dual.
Counting X -primes
We count the several X -primes in a way similar to counting ordinary prime numbers -as in, for instance, Section 1.5 of [28] -and we comment on their distribution.
Let π (X, n) be the number of X -primes less than or equal to n. Then our counting results are summarized in Tables 2 and   3 . In Table 2 we should ignore the second row and the second column for the moment; the resulting smaller table will be referred to as Table 2A . Similarly, we obtain Table 3A by deleting the second row and the second and last columns in Table 3 .
As to be expected Tables 2A and 3A confirm the equalities of Theorem 3.2. So we have, e.g.,
The verification of the other equalities of Theorem 3.2 is left to the reader; cf. Table 1 as well. Table 4 shows that the distributions of the S-, S-, T -, A 0 -, A 1 -, A Let P the set of odd prime numbers and let π (P, n) the number of odd prime numbers less than or equal to n. Remember that the Prime Number Theorem reads as:
Prime Number Theorem. The function π (P, n) is asymptotic to n/ ln n. That is lim n→∞ π (P, n) ln n/n = 1.
From Table 4 we observe that the distributions of X -primes show limiting values Λ(X) = lim n→∞ π (X, n) ln n/n unequal to 1. Of course, it is possible to infer some rough estimates for Λ(X) from Table 4 , but we will not do so. Instead we will follow a detour in the next sections. Table 3 Counting X -, x-and P-primes; X ∈ {A Table 4 Distribution 
Associated prime numbers: x-primes
Now we assign to each X -prime an ordinary prime number in an obvious way.
If n is X -prime, then the number 2n + 1 is called the prime number associated with n; we also call 2n + 1 an x-prime. The set of all x-primes {2n + 1 | n ∈ P(X )} is denoted by P(x).
If X is equal to S or S, then the x-prime associated with the X -prime n, is n + 1, and P(x) = {n + 1 | n ∈ P(X )}.
Counting x-primes is summarized in Table 2B (obtained from Table 2 by deleting the first row and the first column) and Table 3B (which results from Table 3 when we ignore the first row, the first and the last columns). For the distribution of x-primes we refer to Table 5 (cf. Table 4 for the distribution of the corresponding X -primes). In Table 5 2 ; cf. A002144 in [26] . Let P denote the set of Pythagorean primes. We recall the following two characterizations of P. In view of Theorem 5.3 it is useful to look at the odd prime numbers modulo 8, for which we need Euler's totient function and a strong version of Dirichlet's Theorem.
Proposition 5.2. Let p be an odd prime number. Then
Remember that Euler's totient function ϕ : N → N is defined by: ϕ(n) is the number of integers k (1 ≤ k < n) that are relatively prime to n, i.e., gcd(k, n) = 1.
In the sequel we use the following sets of odd prime numbers:
where #F is the number of elements of the finite set F .
Dirichlet's Theorem. Let a and b be positive numbers with
i.e., the set of odd primes that are congruent to a modulo b has density 1/ϕ(b) in P.
Consequently, for b = 8 we have ϕ(8) = 4 and the odd prime numbers are equally distributed over the four residue classes 1, 3, 5, 7 modulo 8; see also Table 6 .
Example 5.6. Counting results for Pythagorean primes are in Table 3 . Note that by Proposition 5.2, π (P, N) = π (P, N; 1, 4) and so π (P, N) = π (P, N; 1, 8) + π (P, N; 5, 8); cf. Tables 3 and 6 .
From Theorem 5.4 we obtain the following equalities. Numbers p with the property that both p and 2p + 1 are prime, are the so-called Sophie Germain prime numbers; cf. A005384 in [26] . So if p is a Sophie Germain prime, then 2p + 1 is a t-prime by Corollary 5.9(1) and, consequently, p is a T -prime.
Corollary 5.7. For each positive integer N, we have
Generalizing Corollary 5.9 to a statement of the form ''If both p and 2kp + 1 are prime numbers, then 2kp + 1 is a t-prime'' will not work. For k = 3 the smallest counter-example is p = 5, as 31 is not a t-prime. For k = 4 the situation is even more dramatic: no number n with n ≡ 1 (mod 8) is t-prime, because all numbers equivalent 0 (mod 4) are not T -prime [3, 2] . And notice that replacing 2k by 2k+1 will be unsuccessful for all k ≥ 1 and all odd prime numbers p, because (2k+1)p+1 is even.
Distribution of the associated prime numbers
In this section, we will first apply the main result from [17] (Theorem 6.3) to some x-primes (Theorem 6.4). Then we will take an alternative approach based on Artin's conjecture on primitive roots; see Theorems 6.5, 6.7 and 6.8. These latter two theorems heavily rely on a result on the distribution of prime numbers p with a prescribed generator of Z ⋆ p over residue classes (Theorem 3 in [19] ).
But first we need a definition and a few results from number theory. 
Theorem 6.3 ([17]). Let g ∈ Z be unequal to −1, 0 and +1, and let h be the largest integer such that g is an h-th power. Let π g (P, N; a, b) denote the number of odd primes less than or equal to N such that p ≡ a (mod b) and g is a primitive root modulo p. Then, under the Generalized Riemann Hypothesis,
where ϕ is Euler's totient function and R N satisfies R N ∈ O(N log log N/ log 2 N).
The exact formulation of the Generalized Riemann Hypothesis (GRH) is less relevant in the present context; it suffices to remark that it is used in the proof of Theorem 6.3 to show that R N is sufficiently small, viz. R N ∈ O(N log log N/ log 2 N). We apply Theorem 6.3 to obtain the distribution for some of the x-primes. Proof. We first observe that by Theorem 5.3(1), (2), (4) and (5) we have Although the distributions in Theorem 6.4 are simple as compared to the one in Theorem 6.3, they are rather unsatisfactory from a computational point of view. Therefore we will continue into another direction.
Theorem 6.4. Under the Generalized Riemann Hypothesis, we have
When we compare Tables 2B, 3B and 6 we observe that in each interval we have π (a 0 , N) < π (P, N; 5, 8), π (a This leads us to the following well-known conjecture in which S(g) is the set of prime numbers p such that g is a primitive root modulo p, i.e., g generates the cyclic group Z ⋆ p . 
Artin's Conjecture on Primitive Roots (ACPR). Let g be an integer which is not a perfect

1) S(g) is infinite, and S(g) has a positive asymptotic density in P. (2) If in addition g is not a perfect power and if g 0 is not congruent to 1 modulo 4, this density is independent of g and equals
Artin's constant A.
Artin's constant A is defined as the infinite product
Theorem 6.5. Under the assumption of ACPR, we have
Proof. From Theorems 5.3(2), (4), 5.4(1), together with ACPR applied to g = g 0 = 2 and h = 1, we obtain that P(j 2 ) = S(2), P(j 2 ) is infinite, and Λ(j 2 ) = A.
In a similar way Theorems 5.3 (1), (5), 5.4(2), and ACPR yield P(j 2 ) = S(−2), P(j 2 ) is infinite, and Λ(j 2 ) = A. Finally, Theorem 5.4(1)- (2) or Corollary 5.7(1)-(2) implies Λ(s) = Λ(s) = A.
Hooley [10] proved that ACPR follows from the Generalized Riemann Hypothesis (GRH); so in Theorem 6.5 we may replace ACPR by GRH as well.
Next we will show, under the assumption of GRH, that Λ(a 0 ) = A/2; cf. Theorem 6.7. It is possible to infer this equality by going step by step through Artin's heuristic approach -as given in, e.g., [27] or [20] -together with the additional requirement that p ≡ 1 (mod 4) and relying on an application of Dirichlet's Theorem, which results in Λ(a 0 ) = A/ϕ(4) = A/2. However, we prefer to derive Theorem 6.7 from one of the main results of [19] which we also need in Section 7. We do not use the complete, most general version of Theorem 3 of [19] , since for our purposes a special instance (Theorem 6.6) suffices. For other similar statements that are particular instances of Theorems 1-3 in [19] we refer to [18, 27] . Again we need some concepts from number theory.
The Möbius function µ : N → {−1, 0, +1} is defined by
• µ(n) = +1 if n is squarefree and n has an even number of prime factors, • µ(n) = −1 if n is squarefree and n has an odd number of prime factors, • µ(n) = 0 if n is not squarefree.
Let n ̸ = 0 be an integer with prime factorization n = u · p 
If p i is odd, then (a|p i ) = (a/p i ) (Legendre symbol); for p 1 = 2, (a|2) is defined by
Finally, (a|1) = 1, and (a|
Remember that n denotes the odd part of n, i.e., the odd number such that n/ n is a power of 2. and 
otherwise. 
, β = 1, µ(|β|) = 1, and γ = 2. Consequently, we obtain 
Of course, for Pythagorean prime numbers both approaches yield closely connected results, but in general there is a considerable difference in values between those two points of view. Table 7 contains, for small values of |g|, numerical approximations of the densities (or, actually, the relative frequencies) d Table 3 of [21] more accurate values of d To place our results from Section 6 (Theorems 6.5, 6.7 and 6.8) in a broader context we will now look at the distribution of prime numbers with small primitive roots (other than +2 or −2) over the residue classes a modulo b where a is odd and 
and a odd, the value of Λ g (a, b) is, under the assumption of GHR, as in Tables 9 and 10 . Table 8 Relevant data for the proof of Theorem 7.1. Table 9 Distribution of odd primes modulo 2, 4 and 8, respectively, with prescribed generator g. Proof. First, we establish the values of Λ g (a, b) as mentioned in Table 10 : b = 16 and a is odd with 1 ≤ a < 16. Table 8 contains the relevant data for these cases in order to apply Theorem 6.6. In the proof of Theorem 6.7 we showed that A(1) = A. Similarly, we have
Now it is straightforward to compute all entries of Table 10 ; we give two sample computations, viz. for g equal to 7 we have
We leave the computation of the remaining entries in Table 10 to the reader. Obviously, we may obtain Table 9 in a similar way, but it is less tedious to sum up the appropriate columns using
Notice that in the right upper corner of Table 9 This observation arises the obvious question whether we can introduce new permuting operations X on strings that leads us via their families of permutations {X n } n≥2 , and characterizations of their sets P(X ) and P(x) of X -primes and associated ordinary prime numbers to entries in Tables 9 and 10 different from the ones for g equal to +2 or −2.
Considering the Josephus permuting operations J k for k ≥ 3 provides no answer to this question. In Table 1 of [2] the first few J k -primes for 3 ≤ k ≤ 20 are given: the values in this table suggest that Λ(J k ) = 0 for 3 ≤ k ≤ 20. In addition we mention that a characterization of P(J k ) for k ̸ = 2 in terms of finite fields of prime order is very unlikely [2] . Consequently,
More promising is an approach by Roubaud [23] and Dumas [5, 6] . Their generalization of the ''quenine'' (i.e., the Queneau-Daniel spiral permutation or, equivalently, T −1 n ) to the ''g-quenine'' (spiral permutation with multiplier g) suggests the following generalization of the twist operation on strings.
The zigzag operation on strings Z g models the cutting of a deck of n cards in g (almost) equal parts D 1 , . . . , D g , putting the even numbered parts upside down and interleaving (shuffling) the g resulting parts (in order 12 a 7 a 1 a 5 a 11 a 3 a 8 a 4 a 10 a 9 a 2 , ⟨Z 4,12 ⟩ = (1 4 9 11 6)(2 8 7 3 12)(5)(10), #⟨Z 4,12 ⟩ = 5 and hence 12 is not Z 4 -prime.
Rather than formally defining this permuting operation on strings -which is a bit complicated -we directly turn to the family of corresponding permutation {Z g,n } n≥2 . This family defines Z g indirectly and it can be defined concisely in case n is a multiple of g and if gcd(g, 2n + 1) = 1 (as in Example 7.2); viz. for 1 ≤ k ≤ g and 1 ≤ m ≤ n,
where o k is the parity function with o k = +1 if k is odd and o k = −1 if k is even.
When n is not a multiple of g, we have to decide to which part we assign the ''remaining elements'' before we start the interleaving process (which in turn happens to be more complicated in this case). However, in special cases we can rely on a slight generalization of a definition of Dumas [5, 6] . Definition 7.3. Let g and n be integers such that 1 ≤ g ≤ n and gcd(g, 2n + 1) = 1. The zigzag permutation Z g,n is the
The g subintervals of [1, n] where the sign of the multiplication is constant are called the regions of Z g,n .
These regions are in fact the parts D 1 , . . . , D g in the interleaving process: the parts D i have a factor +g in the multiplication if i is odd, and the parts D i have a factor −g if i is even. It is easy to see that Z 1 is the identity operation.
Dumas' original definition [5, 6] requires that ''2n + 1 is a prime number'' instead of ''gcd(g, 2n + 1) = 1''. Now Definition 7.3 implies that Z 2 equals the twist operation T , i.e., Z 2,n = T n for each n and not only for those n for which 2n + 1 is a prime number. Definition 7.3 also allows us to consider permutations, like Z 4,12 as in Example 7.2, for which 2n + 1 is not a prime number. Dropping the condition ''gcd(g, 2n + 1) = 1'' might, however, result in mappings Z g,n that are not a permutation.
Example 7.4. For n = 11, g = 3 and g = 5 with gcd(g, 23) = 1, Definition 7.3 yields: Z 3,11 = (1 3 9 4 11 10 7 2 6 5 8) and, respectively, Z 5,11 = (1 5 2 10 4 3 8 6 7 11 9). Since #⟨Z 3,11 ⟩ = #⟨Z 5,11 ⟩ = 11, we have that 11 is Z 3 -prime and also Z 5 -prime.
A graphical representation of Z 3, 11 shows that the interleaving order is D 2 D 3 D 1 with D 1 = a 1 a 2 a 3 , D 2 = a 4 a 5 a 6 a 7 and  D 3 = a 8 a 9 a 10 a 11 . And for Z 5,11 the interleaving order is D 4 D 3 D 2 D 5 D 1 with D 1 = a 1 a 2 , D 2 = a 3 a 4 , D 3 = a 5 a 6 , D 4 = a 7 a 8 a 9 and D 5 = a 10 a 11 .
We are now ready to quote one of the main results from [5, 6] which, of course, relies on Dumas' original definition. But, obviously, this characterization applies to Z g as given in Definition 7.3 as well.
⋆ 23 , we obtain that 11 is also Z 3 -prime; cf. Example 7.4. Theorem 7.5 is a promising starting point to characterize the sets P(Z g ), the sets of associated prime numbers P(z g ) and their densities in P, which might correspond to entries in Tables 9-10 other than the ones for g = +2 and g = −2.
Concluding remarks
In the previous sections we counted X -primes for X in {S, S, T , A 0 , A 1 , A + 1 , A − 1 , J 2 , J 2 } and their associated prime numbers (x-primes). Then we investigated the distribution of these prime numbers. Going from X -primes to x-primes has the advantage that Λ(x) can be interpreted as the density of P(x) in P. Of course, the values of Λ(X) do not allow such an interpretation: note in particular that Λ(T ) > 1 (Table 4) . When we return from x-primes to X -primes we obtain the following Λ(X)-values:
Our main results on the density of x-primes in P (Theorems 6.5, 6.7 and 6.8) as well as the entires in Tables 9-10 arestrictly spoken -mere conjectures rather than genuine theorems because they rely on unproven statements like GRH and/or ACPR.
On the other hand, Theorems 6.5, 6.7 and 6.8 are supported by numerical evidence; see the entries in [28] .
Clearly, the zigzag permuting operation Z g deserves more attention. Based on Definition 7.3 we need characterization results like Theorems 3.2(3), 5.4(3), Corollary 5.7(3) and Theorem 6.8 for Z g and z g . In this approach we are looking for spiral permutations that will take the role of Archimedes' spirals and of the sets P(a 0 ), P(a + 1 ) and P(a − 1 ) as played in the present paper; the work of Roubaud [23] and Dumas [5, 6] is a good source for such spirals.
